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Natural convection in trapezoidal enclosures for uniformly heated bottom wall, linearly heated vertical
wall(s) in presence of insulated top wall have been investigated numerically with penalty finite element
method. Parametric studies for the wide range of Rayleigh numbers ðRa ¼ 103 � 105Þ and Prandtl num-
bers ðPr ¼ 0:7� 1000Þ with various tilt angles of side walls ðuÞ have been performed. For linearly heated
side walls, symmetry in flow pattern is observed. In addition, secondary circulations are observed near
the bottom wall for u ¼ 0� especially for larger PrðPr P 0:7Þ. In contrast, for linearly heated left wall
and cooled right wall, the secondary circulations are stronger near the top portion of the left wall espe-
cially for larger Pr. Streamlines show that the strength of convection is larger for u ¼ 45� and flow inten-
sities are found to be larger for higher Prandtl numbers. Local heat transfer rates are found to be relatively
larger for u ¼ 0�. Average Nusselt number plots show higher heat transfer rates for u ¼ 0� and the overall
heat transfer rates at the bottom wall is larger for the linearly heated left wall and cooled right wall. A
non-monotonic trend in average Nusselt number vs Rayleigh number due to presence of multiple circu-
lations is observed for u ¼ 0�.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Natural convection due to thermal buoyancy effects occurs in
various applications of science and technology. Natural convection
flows are particularly complex involving several parameters
among which the geometry concerned and thermophysical charac-
teristics of the fluid are the most important. The proper dimensions
of systems in various applications are supported by experimental
studies or/and numerical simulation. Convective heating processes
are widely used in food industries [1–6]. Various applications de-
pend on the product specification, shape of the container and heat-
ing characteristics. Numerical modeling can offer a way to reduce
expensive experimental costs.

A significant amount of earlier studies involve various applica-
tions in thermal processing within materials. Rabiey et al. [1] stud-
ied transient temperature and fluid flow during natural convection
which involves heating of a cylindrical can containing large food
particles. Ghani et al. [2] have investigated natural convection
within a can of liquid food during sterilization. Various other stud-
ies involving sterilization and solidification of foods were reported
by earlier researchers [3–5]. Fargue et al. [6] studied separation of
natural oils from food substances for industrial applications. A sig-
ll rights reserved.
nificant number of applications on thermal processing further re-
quires a comprehensive understanding of heat transfer and flow
circulations within cavities.

Conduction, natural convection and forced convection are
important means of heat transfer in food applications. A compre-
hensive review by Bejan [7] highlights that internal natural con-
vection flow problems are more complex than external ones. A
few studies on steady natural convection within cavities have been
carried out by earlier researchers, Gebhart [8] and Hoogendoorn
[9] emphasized various aspects of natural convection flows in a
square cavity. There are extensive studies available in literature
for various square or rectangular cavities [10–17].

A few investigations on natural convection within trapezoidal
enclosures have been carried out by earlier researchers [18–34].
Iyican and Bayazitoglu [18–34] investigated the natural convective
flow and heat transfer within a trapezoidal enclosure with parallel
cylindrical top and bottom walls at different temperatures and
plane adiabatic side walls. Karyakin [19] reported two dimensional
laminar natural convection in isosceles trapezoidal cavity. The heat
transfer rate is found to increase with the increase in base angle.
Peric [20] studied natural convection in a trapezoidal cavities using
control volume method and observed the convergence of results
for grid independent solutions. Kuyper and Hoogendoorn [21]
investigated laminar natural convection flow in trapezoidal enclo-
sures to study the influence of the inclination angle on the flow and
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Nomenclature

g acceleration due to gravity, ms�2

k thermal conductivity, Wm�1K�1

H height of the trapezoidal cavity
Nu local Nusselt number
Nu average Nusselt number
p pressure,
P dimensionless pressure
Pr Prandtl number
Ra Rayleigh number
T temperature, K
Th temperature of hot bottom wall, K
Tc temperature of cold vertical wall, K
u x component of velocity
U x component of dimensionless velocity
v y component of velocity
V y component of dimensionless velocity
X dimensionless distance along x coordinate
Y dimensionless distance along y coordinate

Greek symbols
a thermal diffusivity, m2s�1

b volume expansion coefficient, K�1

c Penalty parameter
h dimensionless temperature
m kinematic viscosity, m2s�1

u angle of inclination of the left wall
q density, kgm�3

U basis functions
w stream function
n horizontal coordinate in a trapezoidal
g vertical coordinate in a trapezoidal

Subscripts
b bottom wall
s side wall
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also the dependence of the average Nusselt number on the
Rayleigh number. Sadat and Salagnac [22] carried out numerical
investigations on solution of laminar natural convection using vor-
ticity–stream function formulation. Steady state solutions were
obtained for aspect ratios 3 and 6 and finally, they presented flow
patterns and average heat transfer characteristics.

A number of studies on natural convection within trapezoidal
enclosures involve various applications. A preliminary investiga-
tion on double diffusive convection in trapezoidal enclosures is
carried out by Dong and Ebadian [23]. Nguyen et al. [24] studied
double diffusive convection within porous trapezoidal enclosure
with oblique principal axes. Eyden et al. [25] presented numerical
and experimental results for turbulent double diffusive convection
of a mixture of two gases in a trapezoidal enclosure with imposed
unstable thermal stratification. The numerical results on mean
velocity, temperature and concentration, show satisfactory agree-
ment with measurements, indicating that despite some deficien-
cies, the numerical model can reproduce most of the essential
features of the process. Further, Papanicolaou and Belessiotis [26]
studied numerically double-diffusive natural convection in asym-
metric trapezoidal enclosure. Their numerical investigation is
based on a two-equation, low-Reynolds number turbulence model
involving a curvilinear coordinate system. Their numerical solu-
tions yield a multi-cellular flow field, with the number of cells
depending on the Rayleigh number for a fixed Lewis number and
geometry. Later, they analyzed double diffusive natural convection
for asymmetric and equivalent rectangular enclosures [27].
Moukalled and coworkers [28–33] studied natural convection
within trapezoidal enclosures for applications involving parti-
tioned cavity or baffles on walls within cavity. Recently, Varol
et al. [34] studied numerically natural convection within various
inclined porous trapezoidal enclosures. Although a few studies of
convective heating patterns within trapezoidal containers appear
in literature, various applications in food processing involving uni-
form and non-uniform heating have not yet been analyzed. Thus,
comprehensive analysis on natural convection flow within a trap-
ezoidal enclosure is important.

The present study deals with the natural convection within
trapezoidal enclosures where the bottom wall is uniformly heated,
vertical wall(s) are linearly heated or cooled whereas the top wall
is well insulated. This situation may be applied in industrial
processing and linear heating may typically occur with a heat
source at the bottom. The effect of geometry has been illustrated
for various angle of the sidewall varying within 0�—45�. The consis-
tent penalty finite element method [35–38] has been used to solve
the nonlinear coupled partial differential equations for flow and
temperature fields. Numerical results are presented in terms of iso-
therm and stream function contours along with the local and aver-
age heat transfer rates (Nusselt numbers).

2. Mathematical formulation

Let us consider a trapezoidal cavity with the left wall inclined at
an angle u with the y axis as seen in Fig. 1(a). The velocity bound-
ary conditions are considered as no-slip on solid boundaries. The
liquid material is considered as incompressible, Newtonian and
the flow is assumed to be laminar. For the treatment of the buoy-
ancy term in the momentum equation, Boussinesq approximation
is employed for the equation of the vertical component of velocity
to account for the variations of density as a function of tempera-
ture, and to couple in this way the temperature field to the flow
field. The governing equations for steady natural convection flow
using conservation of mass, momentum and energy in dimension-
less form can be written as:
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with following boundary conditions
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Fig. 1. (a) Schematic diagram of the physical system where uð0�; 30� or 45�Þ denotes the angle of inclination with Y axis, (b) the mapping of trapezoidal domain in x� y
coordinate system to a square domain in n� g coordinate system and (c) the mapping of an individual element to a single element in n� g coordinate system.
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U¼ 0; V ¼ 0; h¼1; 8Y ¼ 0; 06X61;

U¼ 0; V ¼ 0; h¼1�Y; 8XcosðuÞþYsinðuÞ¼0; 06Y 61;

U¼ 0; V ¼ 0; h¼1�Y or 0; 8XcosðuÞ�YsinðuÞ¼ cosðuÞ; 06Y 61;

U¼ 0; V ¼ 0; @h
@Y¼ 0; 8Y ¼1; �tanðuÞ6X61þ tanðuÞ:

ð6Þ

3. Solution procedure

The momentum and energy balance equations Eqs. (2)–(4) are
solved using Galerkin finite element method. The continuity equa-
tion (Eq. (1)) is used as a constraint due to mass conservation and
this constraint may be used to obtain the pressure distribution
[35–37]. In order to solve Eqs. (2) and (3), the penalty finite ele-
ment method has been used where the pressure P is eliminated
by a penalty parameter c and the incompressibility criteria given
by Eq. (1) as (see Reddy [35])

P ¼ �c
@U
@X
þ @V
@Y

� �
: ð7Þ

The continuity equation (Eq. (1)) is automatically satisfied for large
values of c. Typical value of c that yield consistent solutions is 107

[35–37].
Using Eq. (7), the momentum balance equations (Eqs. (2) and
(3)) reduce to
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Expanding the velocity components ðU;VÞ and temperature ðhÞ
using basis set fUkgN

k¼1 as,

U �
XN

k¼1

UkUkðX;YÞ; V �
XN

k¼1

VkUkðX;YÞ; and

h �
XN

k¼1

hkUkðX;YÞ; ð10Þ

the Galerkin finite element method yields the following nonlinear
residual equations for Eqs. (8), (9) and (4), respectively, at nodes
of internal domain X:
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The set of non-linear algebraic equations (Eqs. (11)–(13)) are
solved using reduced integration technique [39] and Newton Raph-
son method as discussed in earlier work [36,37].
4. Evaluation of stream function and Nusselt number

4.1. Stream function

The fluid motion is displayed using the stream function w ob-
tained from velocity components U and V. The relationships be-
tween stream function, w (see Batchelor [40]) and velocity
components for two dimensional flows are

U ¼ @w
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; V ¼ � @w
@X

; ð14Þ

which yield a single equation
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It may be noted that the positive sign of w denotes anti-clockwise
circulation and the clockwise circulation is represented by the neg-
ative sign of w. The no-slip condition is valid at all boundaries as
there is no cross flow, hence w ¼ 0 is used for the boundaries.
Expanding the stream function ðwÞ using the basis set fUg as
w ¼

PN
k¼1wkUkðX;YÞ and the relation for U, V, the Galerkin finite ele-

ment method yields the following linear residual equations for Eq.
(15).
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The no-slip condition is valid at all boundaries as there is no cross
flow, hence w ¼ 0 is used as residual equations at the nodes for
the boundaries. The bi-quadratic basis function is used to evaluate
the integrals in Eq. (16) and w’s are obtained by solving the N linear
residual equations.
4.2. Nusselt number

The heat transfer coefficient in terms of the local Nusselt num-
ber ðNuÞ is defined by

Nu ¼ � @h
@n

; ð17Þ

where n denotes the normal direction on a plane. The normal deriv-
ative is evaluated by the bi-quadratics basis set in n� g domain. The
local Nusselt numbers at bottom wall ðNubÞ, left wall ðNulÞ and right
wall ðNurÞ are defined as
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The average Nusselt numbers at the bottom, left and right walls are
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where ds1 and ds2 are the small elemental lengths along the left and
right walls, respectively.

5. Results and discussion

5.1. Numerical tests

Numerical simulations are performed for Pr ¼ 0:7 (air), Pr ¼ 10
(fruit juice) and Pr ¼ 1000 (olive oil) with 103

6 Ra 6 105 for vari-
ous inclination angle (u ¼ 45�;30� and 0�) (see Fig. 1a). The com-
putational domain consists of 20� 20 bi-quadratic elements
which correspond to 41� 41 grid points in n� g domain as dis-
cussed in Appendix A; Fig. 1b and c. The fluid motion and heating
patterns are studied for uniformly heated bottom wall with either
linearly heated side walls or linear heated left wall with cooled
right wall in presence of adiabatic top wall.

It may be noted that, the jump discontinuity in Dirichlet type of
wall boundary conditions at the right corner point in case of hot
bottom wall and right cold wall corresponds to computational sin-
gularity. In particular, the singularity at the right corner of the bot-
tom wall needs special attention. To ensure the convergence of the
numerical solution to the exact solution, the grid sizes have been
optimized and computed results are found to be independent of
grid sizes. The grid size dependent effect upon the Nusselt num-
bers (local and average) due to temperature discontinuity at the
corner point tends to increase as the mesh spacing at the corner
is reduced. One of the ways for handling the problem is assuming
the average temperature of the two walls at the corner and keeping
the adjacent grid-nodes at the respective wall temperatures. Alter-
natively, based on earlier work by Ganzarolli and Milanez [41],
once any corner formed by the intersection of two differentially
heated boundary walls is assumed at the average temperature of
the adjacent walls, the optimal grid size obtained for each
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configuration corresponds to the mesh spacing over which further
grid refinements lead to grid invariant results in both heat transfer
rates and flow fields.

In the current investigation, Gaussian quadrature based finite
element method provides the smooth solutions at the interior
domain including the corner regions as evaluation of residual de-
pends on interior Gauss points and thus the effect of corner nodes
is less pronounced in the final solution. In general, the Nusselt
numbers for finite difference/finite volume based methods are cal-
culated at any surface using some interpolation functions
[20,21,42] which are now avoided in the current work. The present
finite element approach offers special advantage on evaluation of
local Nusselt number at the bottom and side walls as the element
basis functions are used to evaluate the heat flux. Flow and tem-
perature fields are shown in terms of streamlines and isotherms,
respectively.

Isotherms and streamlines for a square cavity ðu ¼ 0�Þ with hot
left wall and cold right wall in presence of adiabatic horizontal
walls have been benchmarked with an earlier work [42]. It may
be noted that current simulation studies are based on 20� 20
biquadratic elements or 41� 41 grid and further refinement of
grids did not produce any significant change on temperature,
streamfunctions and Nusselt numbers for Ra 6 105. The results
based on current simulation strategy are shown in Fig. 2 and sim-
ulation results are in good agreement with the earlier result [42].
Overall heat transfer rates are estimated based on average Nusselt
numbers. It is found that Nu is within 2.25–2.3 for Ra ¼ 104 and
4.55–4.6 for Ra ¼ 105 based on current work and the earlier study
[42].

5.2. Linearly heated side walls

Figs. 3–7 illustrate isotherms and streamlines for Ra ¼ 103 � 105

with Pr ¼ 0:7� 1000 in presence of uniformly heated bottom wall
and linearly heated side walls. As expected due to linearly heated
vertical walls and uniformly heated bottom wall, fluids rise up from
the middle portion of the bottom wall and flow down along the two
vertical walls forming two symmetric rolls with clockwise and anti-
clockwise rotations inside the cavity. For Ra ¼ 103, the magnitudes
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Fig. 2. Isotherms and streamlines for a benchmark problem [42] involving natural convec
cold right wall in presence of adiabatic horizontal walls for Ra ¼ 104 (a and b) and Ra ¼
of stream function are considerably smaller and the heat transfer is
purely due to conduction as seen in Fig. 3a–c. The temperature con-
tours with h ¼ 0:1� 0:7 occur symmetrically near the side walls of
the enclosure for Ra ¼ 103 with u ¼ 45� (Fig. 3a). The other temper-
ature contours with h P 0:8 are smooth curves symmetric with re-
spect to vertical symmetric line at the center. The isotherms with
h ¼ 0:1� 0:6 occur symmetrically near the side walls of the enclo-
sure with u ¼ 30� (Fig. 3b) whereas h P 0:7 are smooth curves
symmetric with respect to vertical symmetric line. For square cav-
ity ðu ¼ 0�Þ, the isotherms with h ¼ 0:1� 0:3 are symmetric along
the side walls and h P 0:4 are smooth curves symmetric with re-
spect to the vertical symmetric line (Fig. 3c). It is interesting to ob-
serve that more isotherms with larger magnitudes are pushed
towards the side walls for larger u’s. This is due to fact that the
intensity of circulation is maximum for u ¼ 45� whereas the less
circulation is observed for u ¼ 0�. Note that, the maximum value
of stream function ðjwjmaxÞ is 0.24 for u ¼ 45� (Fig. 3a) and jwjmax

for u ¼ 0� (Fig. 3c).
During conduction dominant heat transfer, the temperature

profiles are almost invariant with respect to Ra for specific u and
it is observed that the significant convection is initiated at
Ra ¼ 5� 103 for u ¼ 45� and 30�, and at Ra ¼ 104 for u ¼ 0�

(Fig. 4). At critical Ra, the distortion of the isotherm gradually in-
creases and convection becomes dominant mode of heat transfer.
At the onset of convection, continuous isotherm contours break
into two discrete contours and move towards the sidewalls. The
isotherms with h ¼ 0:8;0:7 and 0.5 break into two symmetric con-
tours near the side wall of the enclosure for u ¼ 45�; 30� and 0�,
respectively. It is also interesting to observe that the discrete iso-
therms near the side walls get compressed near the walls due to
enhanced circulations. It may be noted that jwjmax are 1.6, 1.5 and
1.4, for u ¼ 45�; 30� and 0�, respectively Fig. 4(a)–(c).

As Ra increases to 105, the effect of buoyancy force is stronger
compared to viscous force and greater circulations near the central
core of each half of the enclosure are observed. Small thermal gra-
dient occurs at the central regime whereas a large stratification
zone of temperature is observed at the vertical symmetric line near
the bottom wall due to stagnation of flow Fig. 5(a)–(c). It is also ob-
served that isotherms are compressed strongly towards the side
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walls. For example, the isotherms with h 6 0:7; h 6 0:7 and h 6 0:5
are highly compressed near the side walls of the enclosure for
u ¼ 45�; 30� and 0�, respectively. Isotherms for u ¼ 45� are more
distorted (Fig. 5a) compared to 30� (Fig. 5b) and 0� (Fig. 5c). The
shape of streamlines is found to be almost circular except near
the side wall. It is interesting to observe that, for u ¼ 0�, symmetric
secondary circulation with jwjmax ¼ 3 occur near the bottom cor-
ners (Fig. 5c). It may be remarked that these secondary circulations
are the representatives for low Prandtl number fluid ðPr ¼ 0:7Þ. The
number of secondary circulations is found to be also dependent on
tilt angle and therefore, the tilt angle plays a significant role on
thermal mixing within the fluid. In fact, with similar parameter
values, the secondary circulations disappear in the present case
(Fig. 5(a)–(c)) for the tilt angle, h P 15�.
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At Ra ¼ 105 for Pr ¼ 10 (Fig. 6), the isotherms are strongly com-
pressed towards the top portion of the sidewalls due to higher tem-
perature gradient within the thermal boundary layer. It is observed
that the thicknesses of the thermal boundary layers especially at
the top portion of side walls are reduced for Pr ¼ 10 as compared
to Pr ¼ 0:7. At higher Ra with Pr ¼ 10, the streamlines cover the en-
tire cavity and attain the shape of the container especially for
u ¼ 45� and 30�. For Pr ¼ 1000 at Ra ¼ 105 (Fig. 7), isotherms along
the sidewalls get further compressed and thickness of the thermal
boundary layer is also reduced. Similar to previous results for lower
Prandtl number, streamlines indicate stronger circulations for tilt
angle u ¼ 45� and 30�. The intensity of flow circulations for
Pr ¼ 1000 is represented with jwjmax ¼ 13� 14 for u ¼
45�; jwjmax ¼ 13� 14 for u ¼ 30� and jwjmax ¼ 7� 9 for u ¼ 0�
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whereas for Pr ¼ 0:7, jwjmax ¼ 11� 13 for u ¼ 45�; jwjmax ¼ 12 for
u ¼ 30� and jwjmax ¼ 5 for u ¼ 0� (Figs. 5–7). These values further
illustrate higher intensity of convection for higher Prandtl number.
It may also be remarked that the larger intensity of circulations for
higher Pr fluid causes the shapes of streamlines identical to the out-
er domain, near to the walls and that signifies enhanced mixing ef-
fects. It is interesting to note that for u ¼ 0�, higher Pr reduces the
strength of the secondary circulation with the enhancement of the
strength of primary circulations as higher Prandtl number fluid im-
plies stronger viscous force which makes the secondary circulation
weaker.

5.3. Linearly heated left wall and with cold right wall

Figs. 8–10 illustrate streamlines and isotherms for
Ra ¼ 103 � 105. Due to uniformly heated bottom wall and cold right
wall, the singularity appears at the right bottom edge of the cavity.
The formation of the thermal boundary layer along the left wall of
the cavity is weaker whereas isotherms are compressed along the
right wall of the cavity forming strong thermal boundary layer. The
symmetric circulation pattern which was observed for linearly
heated side walls case is absent in the present case due to non-sym-
metric thermal boundary conditions. Streamlines closer to the top
left wall show secondary circulations whereas streamlines closer to
the right wall show stronger primary circulations. Note that, the uni-
formly heated bottom wall and linearly heated left wall cause the flu-
ids to move with less circulation along the left wall whereas due to
the cold right wall, larger amount of fluid flow along the right wall.
As a result, strong circulation patterns are formed on the right side
of the cavity whereas secondary circulation patterns appear on the
left side of the cavity. For Pr ¼ 0:7 and Ra ¼ 103, the magnitude of
stream function is considerably smaller and heat transfer is primarily
due to conduction as seen in Fig. 8. Temperature contours with
h 6 0:6; h 6 0:5 and h 6 0:2 for u ¼ 45�; 30� and 0�, respectively,
are compressed to side walls. Similar to uniform heating situation,
jwjmax for primary circulation cell decreases with tilt angle. Note that
jwjmax is 1.1 for u ¼ 45�whereas jwjmax ¼ 0:6 foru ¼ 0�. It may also be
noted that for u ¼ 45�, secondary circulation with jwjmax ¼ 0:1 is
found near the top left wall. The value of wmax for the secondary circu-
lation decreases with the decrease in tilt angle. For u ¼ 30�, the max-
imum value of w is 0.08. Further decrease in the tilt angle exhibits no
secondary circulation as shown for u ¼ 0� (Fig. 8c).

It is observed that the significant convection is initiated at crit-
ical Ra ¼ 3� 103 for u ¼ 45� and u ¼ 30�, and at Ra ¼ 5� 103 for
u ¼ 0� (Figure not shown). Fig. 9 displays isotherms and stream-
lines for Pr ¼ 0:7 at Ra ¼ 105. Results indicate that the values of
stream functions are larger and isotherms are compressed near
the cold wall due to higher intensity of circulations as can be seen
in Fig. 9. In particular, for u ¼ 0�;30� and 45�, the isotherms with
h 6 0:5; h 6 0:5 and h 6 0:4, respectively, are highly compressed
towards the cold wall. It is interesting to observe that the intensity
of primary circulation is large irrespective of u and jwjmax is 18, for
u ¼ 45�;30� and 0�. It may be noted that secondary circulations
become stronger as compared to Ra ¼ 103 and also, at Ra ¼ 105,
even for tilt angle u ¼ 0�, secondary circulation appears with
wmax ¼ 0:3. The strength of the secondary circulation increases
due to enhanced convection for u ¼ 30� and 45�. It is found that
wmax of secondary circulations are 4 and 5 for u ¼ 30� and 45�,
respectively. At Ra ¼ 105, comparative studies on Figs. 9 and 10
for Pr ¼ 0:7� 1000 show that as Pr increases, the values of stream
function in the primary circulations also increase and isotherms
are highly compressed near cold right wall.

5.4. Heat transfer rates: local and average Nusselt numbers

5.4.1. Local Nusselt number: linearly heated side walls
Fig. 11a displays the local heat transfer rate for the bottom wall

ðNubÞ with Pr ¼ 0:7 and Pr ¼ 10 and Ra ¼ 103 � 105 for various tilt
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angles ðuÞ. Due to the symmetry in the temperature field, heat
transfer at the bottom wall is symmetric with respect to the mid
length ðX ¼ 1=2Þ. It is observed that, due to weak circulation, iso-
therms are widely dispersed along the bottom wall for Ra ¼ 103

and the local Nusselt number ðNubÞ is found to be almost constant
throughout the bottom wall as illustrated for u ¼ 45� and
Ra ¼ 103. It is also observed that for u ¼ 30� and u ¼ 45� and
Ra ¼ 105 with both Pr (0.7 and 10), isotherms are widely dispersed
at the center of the bottom wall and therefore local Nusselt num-
ber has a minimum at X ¼ 1=2 except for u ¼ 0� and Pr ¼ 0:7. It is
interesting to note that, isotherms are compressed around the
intermediate zones between corner and vertical line of symmetry,
and local Nusselt number is maximum at around X ¼ 0:3 and 0.7 at
Ra ¼ 105 except for u ¼ 0�. For u ¼ 0� with Ra ¼ 105 and Pr ¼ 0:7,
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the heat transfer rate is maximum at the center due to the pres-
ence of strong secondary circulations leading to a high tempera-
ture gradient at the center of bottom wall. Variations of Prandtl
numbers from Pr ¼ 0:7 to 10 at Ra ¼ 105 show only a slight in-
crease in the value of local Nusselt numbers for u ¼ 45� and 30�.
It is interesting to observe that Nub distribution follows similar
qualitative trends for u ¼ 0� � 45� as the secondary circulation at
the central regime of the bottom wall almost disappears at higher
Pr (Pr ¼ 10, see Fig. 11a).

Heat transfer rates at the side wall for linearly heated side wall
for Pr ¼ 0:7 and 10 is illustrated in Fig. 11(b). Due to the symmetry
in the boundary condition, the local Nusselt number is identical
along both the side walls. For u ¼ 45� and Ra ¼ 103, due to weak
circulations, the heat transfer rate slowly increases along the side
wall. The heat transfer rate decreases in the lower half of the side
walls whereas the increasing trend of heat transfer rate is observed
in the upper half of the side walls with Ra ¼ 105 except for u ¼ 0�.
The increasing trend of Nus is further due to highly compressed iso-
therms near the top portion of the side walls. Local Nusselt number
being negative implies that some part of the heat goes into the
lower part of the wall. It is observed that Nus gradually increases
from negative value and Nus becomes positive at distance being
0.6–0.7 and thereafter, Nus is larger due to highly compressed iso-
therms. Due to presence of a pair of symmetric secondary circula-
tion cells with clockwise and anti-clockwise rotations for u ¼ 0�,
the heat transfer rate is non-monotonic in nature in the lower half
of the side walls and the increasing trend of heat transfer rate is
observed in the upper half of the side walls only. For Pr ¼ 10, the
local heat transfer rate of side walls is qualitatively similar to
Pr ¼ 0:7 (Fig. 11(b)). The isotherms are more dense near the lower
part for Pr ¼ 0:7 and therefore, Nus at the lower portion is larger for
Pr ¼ 0:7 compared to Pr ¼ 10 with u ¼ 0� whereas Nus is larger at
the top portion due to largely dense isotherms.

5.4.2. Local Nusselt number: linearly heated left wall with cold right
wall

Fig. 12(a) displays the local heat transfer rate for the bottom
wall ðNubÞ with Pr ¼ 0:7 and Pr ¼ 10 and Ra ¼ 103 � 105 for vari-
ous tilt angles ðuÞ. Similar to the case with linearly heated side
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walls, Nub is small for Ra ¼ 103. The heat transfer rate ðNubÞ is min-
imum at the left-edge of the bottom wall due to linearly heated left
wall and maximum at the right-edge of the bottom wall due to the
cold right wall at Ra ¼ 105 for all u and Pr. For all the cases, the iso-
therms near the cold right wall are highly compressed due to the
discontinuity at the right edge and that also results in high thermal
gradient near the right edge of the bottom wall. The local heat
transfer rate around X P 0:5 of the bottom wall is higher for
u ¼ 0� due to dense isotherms. It is interesting to observe that
qualitative trends on the spatial distributions of Nub are similar
for Pr ¼ 0:7 and 10 with all tilt angles.

Fig. 12(b) illustrates the heat transfer rate for the left wall ðNulÞ
and it is seen that Nul is negative indicating that the heat transfer
occurs from fluid to the lower portion of the left wall. Also, the
magnitude of Nul increases slowly from the bottom edge to the
top edge of the left wall for u ¼ 45� and Ra ¼ 103 and similar var-
iation was also observed as seen in Fig. 11b. The local Nusselt num-
ber follows non-monotonic trend for Ra ¼ 105. The non-monotonic
trend is exhibited due to the presence of secondary circulations.
Further, the secondary circulations push isotherms at the top edge
of the left wall which result in large local Nusselt number. For
u ¼ 0�, the heat transfer at the bottom edge of the left wall is zero
and Nul increases sharply near the top edge of the left wall as sev-
eral isotherms are found to be compressed in a very small regime.

Fig. 12(c) illustrates the heat transfer rate ðNurÞ at the right wall.
Due to the singularities present in the thermal boundary layer at
the right corner of the bottom wall, the heat transfer rate at the
right wall is maximum at the bottom edge of the right wall. For
all tilt angles, heat transfer rate suddenly decreases at a point near
the bottom portion of the wall and that becomes almost constant
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for Y P 0:2 due to presence of thermal boundary layer. The sudden
decrease of Nur also corresponds to larger thickness of boundary
layer.

5.4.3. Average Nusselt numbers
The overall effect upon the heat transfer rates for linearly

heated side walls is displayed in Fig. 13(a) and (b) where the distri-
butions of the average Nusselt number of the bottom and side
walls are plotted vs the logarithmic Rayleigh number. The average
Nusselt numbers are obtained using Eqs. (21)–(23) where the inte-
gral is evaluated using Simpsons 1/3 rule. The values of the average
Nusselt numbers along the side walls are less compared to the bot-
tom wall. This is due to the fact that the heat transferred to the
fluid from the bottom wall is more compared to the side wall.
The average Nusselt numbers for both bottom and side walls re-
main constant up to Ra ¼ 5� 103 for u ¼ 45� and 30�, and
Ra ¼ 104 for u ¼ 0�. The dependence of average Nusselt numbers
on the Rayleigh number were found to be significant. It is interest-
ing to note that the smoothness in average Nusselt number curve
breaks for u ¼ 0� at Ra ¼ 7� 104 at both bottom and side walls
as the oppositely rotated secondary cells becomes prominent.

The overall effects of Ra and Pr on the average Nusselt numbers
at the bottom and right walls for linearly heated left wall and cold
right wall are displayed in Fig. 13(c) and (d). The average Nusselt
numbers for bottom and left walls remain constant up to
Ra ¼ 3� 103 for u ¼ 45� and 30�, and Ra ¼ 5� 103 for u ¼ 0�. It
is observed that the average Nusselt numbers smoothly increase
with Ra for all u. The inset of Fig. 13(d) shows the variation of aver-
age Nusselt number of right wall. The heat transfer rate increases
smoothly with Rayleigh number for all u due to absence of multi-
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ple cells near the right wall. Note that, the average heat transfer
rate for the left wall is quite high especially at Ra P 104 for
u ¼ 0�. A power law correlation cannot be obtained for the cases
involving linearly heated side walls and linearly heated left wall.

6. Conclusion

Role of linearly heated side wall(s) and heat transfer character-
istics due to natural convection for various liquids in the trapezoi-
dal enclosure has been studied in details. The penalty finite
element method has been used and smooth solutions are obtained
in terms of streamlines and isotherms for wide ranges of Pr and Ra.
Numerical simulations were performed for various values of Ray-
leigh and Prandtl numbers ð103

6 Ra 6 105; 0:7 6 Pr 6 1000Þ and
side wall inclination angles (u ¼ 45�; 30� and 0�). For Pr ¼ 0:7
and Ra ¼ 103, stronger convection is observed for u ¼ 45�; 30�

than that for u ¼ 0�. At Ra ¼ 105, the secondary circulations are
observed near the bottom corners for u ¼ 0� especially for lower
Pr fluid with linearly heated side walls. In contrast, for Ra ¼ 105,
stronger secondary circulations are observed near the top portion
of the left wall, due to significant low viscous effects for cold right
wall and linearly heated left wall. The secondary circulations are
stronger for u ¼ 45� and 30� and the secondary circulations are
even stronger for higher Pr. As Prandtl number increases from
Pr ¼ 0:7 to 1000, the circulations become stronger and the stream-
lines near the boundary of the cavity are found identical to the
shape of the cavity. During conduction dominant regime, variation
of tilt angles from u ¼ 45� to u ¼ 30� has less significance.

For the case of linearly heated side walls and linearly heated left
wall with cold right wall, the local Nusselt numbers at the side
walls and left wall become negative signifying that fluid at lower
portion transfers heat to the wall. It is also observed that the heat
transfer rate at the top portion of side wall is maximum for u ¼ 0�.
Reduction in angle from u ¼ 45� to u ¼ 0� enhances the heat
transfer rate at bottom wall gradually due to the compression of
the isotherms near the central portion of the bottom wall except
at corner points. Heat transfer rate for side wall at Ra ¼ 105 is
smaller in the lower half of the side walls, but the increasing trend
of heat transfer rate is observed in the upper half of the side walls
for linearly heated side walls. For the case of linearly heated left
wall and cold right wall, the local Nusselt number at the left wall
exhibits non-monotonic behavior due to the presence of secondary
circulation attached to linearly heated left wall. Local Nusselt num-
ber at the right wall is found to be decreased with distance near the
bottom corner whereas that is found to be increased near the top
corner point.

Average Nusselt number vs Rayleigh number illustrates that
overall heat transfer rate at the bottom wall is higher for the line-
arly heated left wall and cold right wall. It is also observed that
conduction dominant region for both linearly heated side walls is
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up to Ra ¼ 5� 103 for u ¼ 45� and 30� and Ra ¼ 104 for u ¼ 0�. For
linearly heated left wall and cooled right wall, conduction domi-
nant region is up to Ra ¼ 3� 103 for u ¼ 45� and 30� and
Ra ¼ 5� 103 for u ¼ 0�. Role of multiple circulations for u ¼ 0�

are found to be important for the non-monotonic variation of aver-
age Nusselt numbers versus Rayleigh number and thus power law
correlations are not provided for average Nusselt numbers. Ongo-
ing studies also involve to investigate possibilities of multiplicity
of steady states and circulations which may appear in future
publications.

Acknowledgment

Authors thank Anonymous reviewers for critical comments and
suggestions which improved the quality of the manuscript.

Appendix A

The name ‘isoparametric’ derives from the fact that the same
parametric function describing the geometry may be used for
interpolating spatial variable within an element. Fig. 1a–c show a
trapezoidal domain which is mapped to a square domain. The
transformation between ðx; yÞ and ðn;gÞ coordinates can be defined
by X ¼

P9
k¼1Ukðn;gÞxk and Y ¼

P9
k¼1Ukðn;gÞyk where ðxk; ykÞ are the

X;Y coordinates of the k nodal points as seen in Fig. 1b and c, and
Ukðn;gÞ is the basis function. The nine basis functions are:

U1 ¼ ð1� 3nþ 2n2Þð1� 3gþ 2g2Þ
U2 ¼ ð1� 3nþ 2n2Þð4g� 4g2Þ
U3 ¼ ð1� 3nþ 2n2Þð�gþ 2g2Þ
U4 ¼ ð4n� 4n2Þð1� 3gþ 2g2Þ
U5 ¼ ð4n� 4n2Þð4g� 4g2Þ
U6 ¼ ð4n� 4n2Þð�gþ 2g2Þ
U7 ¼ ð�nþ 2n2Þð1� 3gþ 2g2Þ
U8 ¼ ð�nþ 2n2Þð4g� 4g2Þ
U9 ¼ ð�nþ 2n2Þð�gþ 2g2Þ

The above basis functions are used for mapping the trapezoidal do-
main into square domain and the evaluation of integrals of residuals
(Eqs. (11)–(13), (16)).
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[20] M. Perić, Natural convection in trapezoidal cavities, Num. Heat Transfer A –
Appl. 24 (1993) 213–219.

[21] R.A. Kuyper, C.J. Hoogendoorn, Laminar natural convection flow in trapezoidal
enclosures, Num. Heat Transfer A – Appl. 28 (1995) 55–67.

[22] H. Sadat, P. Salagnac, Further results for laminar natural-convection in a 2-
dimensional trapezoidal enclosure, Num. Heat Transfer A – Appl. 27 (1995)
451–459.

[23] Z.F. Dong, M.A. Ebadian, Investigation of double-diffusive convection in a
trapezoidal enclosure, J. Heat Transfer – Trans. ASME 116 (1994) 492–495.

[24] H.D. Nguyen, S. Paik, R.W. Douglass, Double-diffusive convection in a porous
trapezoidal enclosure with oblique principal axes, J. Thermophys. Heat
Transfer 11 (1997) 309–312.

[25] J.T. Van der Eyden, T.H. Van der Meer, K. Hanjalic, E. Biezen, J. Bruining,
Double-diffusive natural convection in trapezoidal enclosures, Int. J. Heat Mass
Transfer 41 (1998) 1885–1898.

[26] E. Papanicolaou, V. Belessiotis, Double-diffusive natural convection in an
asymmetric trapezoidal enclosure: unsteady behavior in the laminar and the
turbulent-flow regime, Int. J. Heat Mass Transfer 48 (2005) 191–209.

[27] E. Papanicolaou, V. Belessiotis, Patterns of double-diffusive natural convection
with opposing buoyancy forces: comparative study in asymmetric trapezoidal
and equivalent rectangular enclosures, J. Heat Transfer – Trans. ASME 130
(2008) Article No.: 092501.

[28] F. Moukalled, S. Acharya, Buoyancy-induced heat transfer in partially divided
trapezoidal cavities, Num. Heat Transfer A – Appl. 32 (1997) 787–810.

[29] F. Moukalled, S. Acharya, Natural convection in trapezoidal cavities with
baffles mounted on the upper inclined surfaces, Num. Heat Transfer A – Appl.
37 (2000) 545–565.

[30] F. Moukalled, S. Acharya, Natural convection in a trapezoidal enclosure with
offset baffles, J. Thermophys. Heat Transfer 15 (2001) 212–218.

[31] F. Moukalled, M. Darwish, Natural convection in a partitioned trapezoidal
cavity heated from the side, Num. Heat Transfer A – Appl. 43 (2003) 543–563.

[32] F. Moukalled, M. Darwish, Natural convection in a trapezoidal enclosure
heated from the side with a baffle mounted on its upper inclined surface, Heat
Transfer Eng. 25 (2004) 80–93.

[33] F. Moukalled, M. Darwish, Buoyancy-induced heat transfer in a trapezoidal
enclosure with offset baffles, Num. Heat Transfer A – Appl. 52 (2007) 337–355.

[34] Y. Varol, H.F. Oztop, I. Pop, Numerical analysis of natural convection in an
inclined trapezoidal enclosure filled with a porous medium, Int. J. Thermal Sci.
47 (2008) 1316–1331.

[35] J.N. Reddy, An Introduction to the Finite Element Method, McGraw-Hill, New
York, 1993.

[36] S. Roy, T. Basak, Finite element analysis of natural convection flows in a square
cavity with non-uniformly heated wall(s), Int. J. Eng. Sci. 43 (2005) 668–680.

[37] T. Basak, S. Roy, A.R. Balakrishnan, Effects of thermal boundary conditions on
natural convection flows within a square cavity, Int. J. Heat Mass Transfer 49
(2006) 4525–4535.

[38] J.T. Oden, J.N. Reddy, An Introduction to the Mathematical Theory of Finite
Elements, John Wiley & Sons, New York, 1976.

[39] O.C. Zienkiewicz, R.L. Taylor, J.M. Too, Reduced integration technique in
general analysis of plates and shells, Int. J. Num. Methods Eng. 3 (1971) 275–
290.

[40] G.K. Batchelor, An Introduction to Fluid Dynamics, Cambridge University Press,
1967.

[41] M.M. Ganzarolli, L.F. Milanez, Natural convection in rectangular enclosures
heated from below and symmetrically cooled from the sides, Int. J. Heat Mass
Transfer 38 (1995) 1063–1073.

[42] M. Hortmann, M. Peric, G. Scheuerer, Finite volume multigrid prediction of
laminar natural convection: bench-mark solutions, Int. J. Num. Methods Fluids
11 (1990) 189–207.


	Natural convection flow simulation for various angles in a trapezoidal  enclosure with linearly heated side wall(s)
	Introduction
	Mathematical formulation
	Solution procedure
	Evaluation of stream function and Nusselt number
	Stream function
	Nusselt number

	Results and discussion
	Numerical tests
	Linearly heated side walls
	Linearly heated left wall and with cold right wall
	Heat transfer rates: local and average Nusselt numbers
	Local Nusselt number: linearly heated side walls
	Local Nusselt number: linearly heated left wall with cold right wall
	Average Nusselt numbers


	Conclusion
	Acknowledgment
	Appendix A
	References


